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We derive expressions for the lowest nonlinear elastic constants of amorphous solids in ather-
mal conditions (up to third order), in terms of the interaction potential between the constituent
particles. The effect of these constants cannot be disregarded when amorphous solids undergo in-
stabilities like plastic flow or fracture in the athermal limit; in such situations the elastic response
increases enormously, bringing the system much beyond the linear regime. We demonstrate that the
existing theory of thermal nonlinear elastic constants converges to our expressions in the limit of
zero temperature. We motivate the calculation by discussing two examples in which these nonlinear
elastic constants play a crucial role in the context of elasto-plasticity of amorphous solids. The first
example is the plasticity-induced memory that is typical to amorphous solids (giving rise to the
Bauschinger effect). The second example is how to predict the next plastic event from knowledge
of the nonlinear elastic constants. Using the results of this paper we derive a simple differential
equation for the lowest eigenvalue of the Hessian matrix in the external strain near mechanical in-
stabilities; this equation predicts how the eigenvalue vanishes at the mechanical instability and the
value of the strain where the mechanical instability takes place.
I. INTRODUCTION
Many phenomena occurring in elastic materials,
like plasticity, fracture and shear banding were tradi-
tionally studied assuming that the framework of linear
elasticity can be employed to describe the dynamics of
the evolving systems. Recently it became clearer that
this is not a good idea; close to the fracture tip, where
the stress field tends to diverge, or near a plastic in-
stability, where the shear modulus diverges towards
−∞, nonlinear effects become crucial if not dominant
[1–3]. Moreover, recent studies indicate that non-
linear elastic moduli play an important role in the
memory that amorphous solids exhibit of their load-
ing trajectory [4]. The well known Bauschinger effect
can be explained as a result of the growth of the sec-
ond order elastic modulus which is identically zero
in an isotropic amorphous solid. It becomes there-
fore necessary to present a microscopic theory of the
nonlinear elastic constants to the aim of computing
them in numerical simulations. The present paper
has in mind athermal quasistatic simulations, a sub-
ject of high theoretical interest for which there had
been great recent progress in understanding the range
of phenomena observed, including a variety of scaling
laws and the emergence of subsequent scaling theories
[5–9]. Interestingly, the finite-temperature counter-
part of the theory presented in this paper is available
in the literature, but it is not quite obvious how to
extract from it the athermal limit. We will show be-
low that indeed the thermal theory converges to our
theory when T → 0.
The structure of this paper is as follows. In Sec. II
we present the derivation of the athermal elastic con-
stants. In Sec. III we present a derivation of the ther-
mal elastic constants; the results of this derivation
are scattered in the literature, but it is worthwhile to
present them here in a compact and consistent nota-
tion. In Sec. IV we demonstrate that the limit T → 0
of the thermal elastic constants reduces properly to
our results in Sec. II. Finally, in Sec. V we demon-
strate the usefulness of our results in the context of
the plasticity induced memory of amorphous solids
and in predicting mechanical instabilities.
II. DERIVATION OF THE ATHERMAL
NONLINEAR ELASTIC CONSTANTS
A. definitions
We denote the ν component of the position of the
i’th particle as xiν ; in the following Roman characters
denote particle indices, and Greek characters denote
cartesian components. Given a linear transformation
of coordinates xiν → Hνκxiκ, the resulting displace-
ment field is uiν = Hνκx
i
κ − xiν . The strain tensor is
defined up to second order in the derivatives of the
displacement field as
ǫαβ ≡ 1
2
(
∂uα
∂xβ
+
∂uβ
∂xα
+
∂uν
∂xα
∂uν
∂xβ
)
, (1)
where here and below repeated indices are summed
over, unless explicitly indicated otherwise. In terms
of the transformation H , the strain tensor is
ǫαβ ≡ 12
(
HTανHνβ − δαβ
)
. (2)
The displacement field in the definitions (1) and (2)
should be understood as taken with respect to the ac-
tual configuration, which may be arbitrarily deformed;
the identity of the un-deformed isotropic reference
state is of no interest in the following derivation.
The free energy F is defined in terms of the parti-
tion function Z as F = −T logZ, where
Z =
∫
dpdq e−
E
T , (3)
2and E = U+K is the sum of the potential and kinetic
energies of the system; p, q are the momenta and co-
ordinates of the particles. We expand the free energy
density F/V up to a constant, again with respect to
the actual configuration, in terms of this strain tensor
F/V = C˜αβ1 ǫαβ+ 12 C˜αβνη2 ǫαβǫνη+ 16 C˜αβνηκχ3 ǫαβǫνηǫκχ,
(4)
where
C˜αβ1 =
1
V
∂F
∂ǫαβ
∣∣∣∣
ǫ=0
, C˜αβνη2 =
1
V
∂2F
∂ǫαβ∂ǫνη
∣∣∣∣
ǫ=0
,
C˜αβνηκχ3 =
1
V
∂3F
∂ǫαβ∂ǫνη∂ǫκχ
∣∣∣∣
ǫ=0
. (5)
In the athermal limit T → 0 the free energy F re-
duces to the potential energy U , then the expansion
(4) reads
lim
T→0
F/V = U/V = (6)
Cαβ1 ǫαβ +
1
2C
αβνη
2 ǫαβǫνη +
1
6C
αβνηκχ
3 ǫαβǫνηǫκχ ,
with the coefficients
Cαβ1 = lim
T→0
C˜αβ1 =
1
V
lim
T→0
∂F
∂ǫαβ
∣∣∣∣
ǫ=0
,
Cαβνη2 = lim
T→0
C˜αβνη2 =
1
V
lim
T→0
∂2F
∂ǫαβ∂ǫνη
∣∣∣∣
ǫ=0
,
Cαβνηκχ3 = lim
T→0
C˜αβνηκχ3 =
1
V
lim
T→0
∂3F
∂ǫαβ∂ǫνη∂ǫκχ
∣∣∣∣
ǫ=0
.
(7)
Taking the limit T → 0 of free energy derivatives
is equivalent to taking the same derivatives, but of
the potential energy, while satisfying the constraints
f ≡ −∇U = 0 [10]. In other words, the meaning of
constrained derivatives is that variations with ǫ keep
the net forces at zero, i.e.
∂
∂ǫ
such that f ≡ −∇U = 0 . (8)
We denote these constrained derivative as ∂∂ǫ
∣∣
f
, then
Cαβ1 =
1
V
∂U
∂ǫαβ
∣∣∣∣
f
, Cαβνη2 =
1
V
∂2U
∂ǫαβ∂ǫνη
∣∣∣∣
f ,f
,
Cαβνηκχ3 =
1
V
∂3U
∂ǫαβ∂ǫνη∂ǫκχ
∣∣∣∣
f ,f ,f
, (9)
where derivatives in the above expression should be
understood as taken at ǫ = 0. Satisfaction of the
constrained derivatives is achieved by allowing for an
additional displacement field X to the imposed one,
which we refer to as the non-affine displacement field.
So, upon imposing a deformation via some transfor-
mation H , the total variation in coordinates can be
split into a sum of two terms
xiα → Hαβxiβ +X iα , (10)
where the X iα’s are added to the imposed deformation
to satisfy the constraint (8). The physical meaning
of this procedure is that the derivatives are always
computed after minimizing the energy. The origi-
nal deformation brings the system away from a lo-
cal minimum on the potential energy surface and the
minimization amounts to an additional non-affine dis-
placement which must be taken into account. Note
that the non-affine field should be found explicitly,
in terms of potential energy derivatives, and this is a
part of the derivation below.
The presence of constrained derivatives calls for
some care in the calculation. For the benefit of a
novice reader we present in Appendix A some intro-
ductory remarks to facilitate further reading.
B. Non-affine Velocities
The non-affine corrections X of Eq. (10) play the
role of y in equations (A1-A4), as their evolution is
dictated by the constraint (8). The role of x in equa-
tions (A1-A4) is played by the strain ǫ, such that in
complete analogy with (A4), the constrained partial
derivatives with respect to strain can be written as
∂
∂ǫαβ
∣∣∣∣
f
=
∂
∂ǫαβ
+
∂Xjν
∂ǫαβ
∣∣∣∣
f
∂
∂Xjν
, (11)
where partial derivatives with respect to strain should
be understood as taken at constant X, and par-
tial derivatives with respect to coordinates should
be understood as taken at constant ǫ. The quan-
tities
∂Xjν
∂ǫαβ
∣∣∣
f
can be calculated by demanding that
the constrained derivative of the forces vanishes, i.e.
∂fiκ
∂ǫαβ
∣∣∣
f
= 0. We use (11) and write
∂f iκ
∂ǫαβ
∣∣∣∣
f
=
∂f iκ
∂ǫαβ
+
∂Xjν
∂ǫαβ
∣∣∣∣
f
∂f iκ
∂Xjν
= 0 . (12)
We identify the first term on the RHS of the above re-
lation as the (negative of the)mismatch forces Ξiκαβ ≡
− ∂fiκ∂ǫαβ =
∂2U
∂ǫαβ∂xiκ
, which can be calculated explicitly
from the potential energy, see Appendix C for the
case of pairwise potentials. Notice that derivatives
at constant ǫ can be equivalently taken with respect
to the coordinates xiα or the non-affine displacements
X iα, following Eq. (10). The mismatch forces arise
due to the imposed affine deformation, before the ac-
tion of non-affine correcting displacements. The sec-
ond term on the RHS of (12) contains the derivative
∂fiκ
∂Xjν
= − ∂2U
∂Xjν∂Xiκ
≡ −Hijκν , which is the negative of
the Hessian. Using these definitions of the mismatch
forces and the Hessian, Eq. (12) can we rewritten as
Ξiκαβ +Hijκν
∂Xjν
∂ǫαβ
∣∣∣∣
f
= 0 . (13)
3We now define the non-affine velocities V iκαβ ≡
∂Xiκ
∂ǫαβ
∣∣∣
f
, which can be calculated by inverting Eq. (13):
V iκαβ =
∂X iκ
∂ǫαβ
∣∣∣∣
f
= −(H−1)ijκνΞjναβ . (14)
Notice that the Hessian is not generally invertible due
to zero-modes that arise from the translational invari-
ance of the potential energy; to overcome this we ex-
pand the RHS of (14) in eigenfunctions of the Hessian
V iκαβ = −
∑
j,ℓ
(ψℓ)
j
νΞ
j
ναβ
λℓ
(ψℓ)
i
κ , (15)
where (ψℓ)
j
ν is the ν component of the j’th particle
contribution to the ℓ’th eigenfunction, λℓ is the corre-
sponding eigenvalue, and the sum over ℓ should not
include the zero-modes.
With the definition of the non-affine velocities, the
constrained partial derivative (11) reads
∂
∂ǫαβ
∣∣∣∣
f
=
∂
∂ǫαβ
+ V iναβ
∂
∂X iν
, (16)
which is the form that will be used from this point
on.
C. First order elastic constants
The first order athermal elastic constants are
Cαβ1 ≡ 1V ∂U∂ǫαβ
∣∣∣
f
. (17)
Equation (10) implies that forces can be calculated
by taking derivatives with respect to either set of co-
ordinates, i.e.
∂U
∂X iν
=
∂U
∂xiν
, (18)
which can be used in calculating the constrained
derivative
∂U
∂ǫαβ
∣∣∣∣
f
=
∂U
∂ǫαβ
+V iναβ
∂U
∂X iν
=
∂U
∂ǫαβ
−V iναβf iν . (19)
The second term on the RHS of the above equation
vanishes due to the constraint f = 0 as appears in
(8), and we are left with
∂U
∂ǫαβ
∣∣∣∣
f
=
∂U
∂ǫαβ
. (20)
Finally,
Cαβ1 =
1
V
∂U
∂ǫαβ
. (21)
Notice that the first order elastic constants do not
contain a relaxation term; Noticing the stress σ = C1,
this means that the non affine displacement field does
not relax the stress. For an explicit expression of the
potential energy derivatives in the case of pairwise
potentials, see Appendix C.
D. Second order elastic constants
The second order athermal elastic constants Cαβνη2
are given by 1V
∂2U
∂ǫνη∂ǫαβ
∣∣∣
f ,f
, evaluated at ǫ = 0; first,
we write
∂2U
∂ǫνη∂ǫαβ
∣∣∣∣
f ,f
=
∂
∂ǫνη
∣∣∣∣
f
∂U
∂ǫαβ
∣∣∣∣
f
=
∂
∂ǫνη
∣∣∣∣
f
∂U
∂ǫαβ
,
where the second equality follows from (20). We use
the rule (16) and calculate
∂
∂ǫνη
∣∣∣∣
f
∂U
∂ǫαβ
=
(
∂
∂ǫνη
+ V iθνη
∂
∂X iθ
)
∂U
∂ǫαβ
=
∂2U
∂ǫνη∂ǫαβ
+ V iθνη
∂2U
∂X iθ∂ǫαβ
=
∂2U
∂ǫνη∂ǫαβ
+ V iθνηΞiθαβ .
(22)
The quantities ∂
2U
∂ǫνη∂ǫαβ
and Ξiναβ =
∂2U
∂Xiν∂ǫαβ
can be
directly calculated from the potential, see Appendix C
for the case of pairwise potentials. Finally
Cαβνη2 =
1
V
(
∂2U
∂ǫνη∂ǫαβ
+ V iθνηΞiθαβ
)
. (23)
E. Third order elastic constants
The third order elastic constants Cαβνηκχ3 are given
by 1V
∂3U
∂ǫκχ∂ǫνη∂ǫαβ
∣∣∣
f ,f ,f
, evaluated at ǫ = 0; We carry
out the constrained derivative of (22)
4∂3U
∂ǫκχ∂ǫνη∂ǫαβ
∣∣∣∣
f ,f ,f
=
(
∂
∂ǫκχ
+ V iθκχ
∂
∂X iθ
)(
∂2U
∂ǫνη∂ǫαβ
+ VjζνηΞjζαβ
)
=
∂3U
∂ǫκχ∂ǫνη∂ǫαβ
+
∂Vjζνη
∂ǫκχ
Ξjζαβ + Vjζνη
∂Ξjζαβ
∂ǫκχ
+ V iθκχ
∂3U
∂X iθ∂ǫνη∂ǫαβ
+ V iθκχ
∂Vjζνη
∂X iθ
Ξjζαβ + V iθκχVjζνη
∂Ξjζαβ
∂X iθ
.
(24)
We notice now that according to (16)
∂Vjζνη
∂ǫκχ
Ξjζαβ + V iθκχ
∂Vjζνη
∂X iθ
Ξjζαβ =
∂Vjζνη
∂ǫκχ
∣∣∣∣∣
f
Ξjζαβ . (25)
Also ∂
3U
∂Xi
θ
∂ǫνη∂ǫαβ
=
∂Ξiθαβ
∂ǫνη
=
∂Ξiθνη
∂ǫαβ
; with these relations, (24) becomes
∂3U
∂ǫκχ∂ǫνη∂ǫαβ
∣∣∣∣
f ,f ,f
=
∂3U
∂ǫκχ∂ǫνη∂ǫαβ
+
∂Vjζνη
∂ǫκχ
∣∣∣∣∣
f
Ξjζαβ + Vjζνη
∂Ξjζαβ
∂ǫκχ
+ V iθκχ
∂Ξiθνη
∂ǫαβ
+ V iθκχVjζνη
∂Ξjζαβ
∂X iθ
. (26)
The above expression requires knowledge of the quantity
∂Vj
ζνη
∂ǫκχ
∣∣∣∣
f
, for which an explicit expression is unavailable,
but can be obtained by demanding − ∂∂ǫκχ
∣∣∣
f
∂fℓν
∂ǫαβ
∣∣∣
f
= 0:
− ∂
∂ǫκχ
∣∣∣∣
f
∂fmν
∂ǫαβ
∣∣∣∣
f
=
∂
∂ǫκχ
∣∣∣∣
f
(
Ξmναβ +Hmjνη Vjηαβ
)
=
∂Ξmναβ
∂ǫκχ
∣∣∣∣
f
+
∂Hmjνη
∂ǫκχ
∣∣∣∣∣
f
Vjηαβ +Hmjνη
∂Vjηαβ
∂ǫκχ
∣∣∣∣∣
f
= 0 . (27)
Now,
∂Ξmναβ
∂ǫκχ
∣∣∣∣
f
=
∂Ξmναβ
∂ǫκχ
+ V iθκχ
∂Ξmναβ
∂X iθ
, and
∂Hmjνη
∂ǫκχ
∣∣∣∣∣
f
=
∂Hmjνη
∂ǫκχ
+ V iθκχ
∂Hmjνη
∂X iθ
.
With these Eq. (27) becomes
∂Ξmναβ
∂ǫκχ
+ V iθκχ
∂Ξmναβ
∂X iθ
+
∂Hmjνη
∂ǫκχ
Vjηαβ + V iθκχ
∂Hmjνη
∂X iθ
Vjηαβ +Hmjνη
∂Vjηαβ
∂ǫκχ
∣∣∣∣∣
f
= 0 . (28)
With the identity
∂Hmjνη
∂ǫκχ
= ∂
3U
∂ǫκχ∂Xmν ∂X
j
η
=
∂Ξmνκχ
∂Xjη
=
∂Ξjηκχ
∂Xmν
, we invert (28) to get an expression for
∂Vj
ηαβ
∂ǫκχ
∣∣∣∣
f
∂Vjηαβ
∂ǫκχ
∣∣∣∣∣
f
= −(H−1)jmην
(
∂Ξmναβ
∂ǫκχ
+ V iθκχ
∂Ξmναβ
∂X iθ
+ V iθαβ
∂Ξmνκχ
∂X iθ
+ V iθκχ
∂Hmqνζ
∂X iθ
Vqζαβ
)
. (29)
Inserting this relation back in (26), together with (14) we arrive at the expression for the athermal third order
elastic constants
Cαβνηκχ3 =
1
V
[
∂3U
∂ǫκχ∂ǫνη∂ǫαβ
+ V iθαβVjζνηVℓρκχ
∂3U
∂X iθ∂X
j
ζ∂X
ℓ
ρ
+ V iθαβVjζνη
∂Ξjζκχ
∂X iθ
+ V iθνηVjζκχ
∂Ξjζαβ
∂X iθ
+ V iθκχVjζνη
∂Ξjζαβ
∂X iθ
+ V iζαβ
∂Ξiζνη
∂ǫκχ
+ V iζνη
∂Ξiζκχ
∂ǫαβ
+ V iζκχ
∂Ξiζαβ
∂ǫνη
]
.
(30)
III. THERMAL ELASTIC CONSTANTS
The derivation of the thermal elastic constants,
in contrast with their athermal counterpart, can be
found in the literature, see for example [10] for the
5first and second order objects. We provide below also
the third order constants.
The elastic constants at finite temperatures are
given by derivatives of the free energy with respect
to strain, see Eq. 5. We first expand the total energy
up to third order in the strain
E = E0 + E
αβ
1 ǫαβ +
1
2E
αβνη
2 ǫαβǫνη +
1
6E
αβνηκχ
3 ǫαβǫνηǫκχ , (31)
with the definitions
E0 ≡ E(ǫ = 0) ,
Eαβ1 ≡
∂E
∂ǫαβ
∣∣∣∣
ǫ=0
=
∂K
∂ǫαβ
∣∣∣∣
ǫ=0
+
∂U
∂ǫαβ
∣∣∣∣
ǫ=0
,
Eαβνη2 ≡
∂2E
∂ǫνη∂ǫαβ
∣∣∣∣
ǫ=0
=
∂2K
∂ǫνη∂ǫαβ
∣∣∣∣
ǫ=0
+
∂2U
∂ǫνη∂ǫαβ
∣∣∣∣
ǫ=0
,
Eαβνηκχ3 ≡
∂3E
∂ǫκχ∂ǫνη∂ǫαβ
∣∣∣∣
ǫ=0
=
∂3K
∂ǫκχ∂ǫνη∂ǫαβ
∣∣∣∣
ǫ=0
+
∂3U
∂ǫκχ∂ǫνη∂ǫαβ
∣∣∣∣
ǫ=0
.
(32)
Explicit expressions for kinetic energy derivatives can be found in Appendix B, and potential energy derivatives
for the case of pairwise potentials are available in Appendix C. We expand the Boltzmann factor
e−
E
T ≃ e−E0T
[
1− E
αβ
1
T
ǫαβ +
1
2
(
Eαβ1 E
νη
1
T 2
− E
αβνη
2
T
)
ǫαβǫνη
− 1
6
(
Eαβ1 E
νη
1 E
κχ
1
T 3
− E
αβ
1 E
νηκχ
2
T 2
− E
νη
1 E
αβκχ
2
T 2
− E
κχ
1 E
αβνη
2
T 2
+
Eαβνηκχ3
T
)
ǫαβǫνηǫκχ
]
.
(33)
The partition function can now be written as
Z = Z0 + Zαβ1 ǫαβ + 12Zαβνη2 ǫαβǫνη + 16Zαβνηκχ3 ǫαβǫνηǫκχ , (34)
where
Z0 ≡ Z(ǫ = 0) =
∫
e−
E0
T dqdp ,
Zαβ1 ≡
∂Z
∂ǫαβ
∣∣∣∣
ǫ=0
= −
∫
e−
E0
T
Eαβ1
T
dqdp ,
Zαβνη2 ≡
∂2Z
∂ǫνη∂ǫαβ
∣∣∣∣
ǫ=0
=
∫
e−
E0
T
(
Eαβ1 E
νη
1
T 2
− E
αβνη
2
T
)
dqdp ,
Zαβνηκχ3 ≡
∂3Z
∂ǫκχ∂ǫνη∂ǫαβ
∣∣∣∣
ǫ=0
= −
∫
e−
E0
T
(
Eαβ1 E
νη
1 E
κχ
1
T 3
+
Eαβνηκχ3
T
−E
αβ
1 E
νηκχ
2
T 2
− E
νη
1 E
αβκχ
2
T 2
− E
κχ
1 E
αβνη
2
T 2
)
dqdp .
(35)
With these definitions, we extract the following relations
Zαβ1
Z0 = −
1
T
〈Eαβ1 〉 ,
Zαβνη2
Z0 =
1
T 2
〈Eαβ1 Eνη1 〉 −
1
T
〈Eαβνη2 〉 ,
Zαβνηκχ3
Z0 = −
1
T 3
〈Eαβ1 Eνη1 Eκχ1 〉 −
1
T
〈Eαβνηκχ3 〉
+
1
T 2
(
〈Eαβ1 Eνηκχ2 〉+ 〈Eνη1 Eαβκχ2 〉+ 〈Eκχ1 Eαβνη2 〉
)
,
(36)
6where triangular brackets denote equilibrium averaging.
A. First order thermal elastic constants
The first order free energy derivative with respect
to strain is
∂F
∂ǫαβ
= −T 1Z
∂Z
∂ǫαβ
. (37)
With the expansion (34) and relations (36), this
derivative at ǫ = 0 is
∂F
∂ǫαβ
∣∣∣∣
ǫ=0
= − TZ0Z
αβ
1 = 〈Eαβ1 〉 . (38)
The first order elastic constants are thus given by
C˜αβ1 =
1
V 〈Eαβ1 〉 . (39)
B. Second order thermal elastic constants
The second order free energy derivative with re-
spect to strain is
∂2F
∂ǫνη∂ǫαβ
= −T
(
1
Z
∂2Z
∂ǫνη∂ǫαβ
− 1Z2
∂Z
∂ǫνη
∂Z
∂ǫαβ
)
.
(40)
With the expansion (34) and relations (36), this
derivative at ǫ = 0 is
∂2F
∂ǫνη∂ǫαβ
∣∣∣∣
ǫ=0
= T
(
Zαβ1 Zνη1
Z20
− Z
αβνη
2
Z0
)
=
〈Eαβ1 〉〈Eνη1 〉−〈Eαβ1 Eνη1 〉
T
+ 〈Eαβνη2 〉
= 〈Eαβνη2 〉 − 1T 〈∆Eαβ1 ∆Eνη1 〉 , (41)
where ∆A ≡ A−〈A〉 for any quantity A. The second
order elastic constants are thus given by
C˜αβνη2 =
1
V
[
〈Eαβνη2 〉 −
1
T
〈∆Eαβ1 ∆Eνη1 〉
]
. (42)
C. Third order thermal elastic constants
The third order free energy derivative with respect
to strain is
∂3F
∂ǫκχ∂ǫνη∂ǫαβ
= −T
(
− 1Z2
∂Z
∂ǫκχ
∂2Z
∂ǫνη∂ǫαβ
+
1
Z
∂3Z
∂ǫκχ∂ǫνη∂ǫαβ
+
2
Z3
∂Z
∂ǫκχ
∂Z
∂ǫνη
∂Z
∂ǫαβ
− 1Z2
∂Z
∂ǫαβ
∂2Z
∂ǫκχ∂ǫνη
− 1Z2
∂Z
∂ǫνη
∂2Z
∂ǫκχ∂ǫαβ
)
.
(43)
With the expansion (34) and relations (36), this derivative at ǫ = 0 is
∂3F
∂ǫκχ∂ǫνη∂ǫαβ
∣∣∣∣
ǫ=0
= − T
(
Zαβ1
Z0
Zνηκχ2
Z0 +
Zνη1
Z0
Zαβκχ2
Z0 +
Zκχ1
Z0
Zαβνη2
Z0 +
Zαβνηκχ3
Z0 + 2
Zαβ1
Z0
Zνη1
Z0
Zκχ1
Z0
)
= 〈Eαβνηκχ3 〉 −
〈Eαβ1 Eνηκχ2 〉
T
− 〈E
νη
1 E
αβκχ
2 〉
T
− 〈E
κχ
1 E
αβνη
2 〉
T
+
〈Eαβ1 Eνη1 Eκχ1 〉
T 2
+ 2
〈Eαβ1 〉〈Eνη1 〉〈Eκχ1 〉
T 2
+ 〈Eαβ1 〉
( 〈Eνη1 Eκχ1 〉
T 2
− 〈E
νηκχ
2 〉
T
)
+ 〈Eνη1 〉
(
〈Eαβ1 Eκχ1 〉
T 2
− 〈E
αβκχ
2 〉
T
)
+ 〈Eκχ1 〉
(
〈Eαβ1 Eνη1 〉
T 2
− 〈E
αβνη
2 〉
T
)
= 〈Eαβνηκχ3 〉+
〈∆Eαβ1 ∆Eνη1 ∆Eκχ1 〉
T 2
− 〈∆E
αβ
1 ∆E
νηκχ
2 〉
T
− 〈∆E
νη
1 ∆E
αβκχ
2 〉
T
− 〈∆E
κχ
1 ∆E
αβνη
2 〉
T
.
(44)
7The third order elastic constants are thus given by
C˜αβνηκχ3 =
1
V
[
〈Eαβνηκχ3 〉+
〈∆Eαβ1 ∆Eνη1 ∆Eκχ1 〉
T 2
− 〈∆E
αβ
1 ∆E
νηκχ
2 〉
T
− 〈∆E
νη
1 ∆E
αβκχ
2 〉
T
− 〈∆E
κχ
1 ∆E
αβνη
2 〉
T
]
.
(45)
IV. T → 0 LIMIT OF THERMAL ELASTIC
COEFFICIENTS
We first work out a general expression for the low
temperature expansion of the mean of any quantity
A(x) which depends only on coordinates; we start
with the definition
〈A〉 = 1Z0
∫
Ae−E/T dpdq =
1
Zc
∫
Ae−U/T dq ,
(46)
where Zc =
∫
e−
U
T dq. With the notation δxiν ≡ xiν −
x˜iν , we expand A around some local minimum x˜, up
to fourth order in coordinates
A ≃ A(x˜) + ∂A
∂xiν
∣∣∣∣
x˜
δxiν +
1
2
∂2A
∂xjη∂xiν
∣∣∣∣∣
x˜
δxiνδx
j
η
+
1
6
∂3A
∂xℓζ∂x
j
η∂xiν
∣∣∣∣∣
x˜
δxiνδx
j
ηδx
ℓ
ζ (47)
+
1
24
∂4A
∂xmθ ∂x
ℓ
ζ∂x
j
η∂xiν
∣∣∣∣∣
x˜
δxiνδx
j
ηδx
ℓ
ζδx
m
θ + . . . .
We now expand the potential energy up to fifth or-
der in coordinates around the local minimum x˜, with
T ,M,Q denoting the third, fourth and fifth order
derivatives of the potential energy with respect to co-
ordinates, respectively, evaluated at x˜:
U ≃ U(x˜) + 12Hijηνδxiνδxjη + 16T ijℓνηζδxiνδxjηδxℓζ
+ 124Mijℓmνηζθδxiνδxjηδxℓζδxmθ
+ 1120Qijℓmpνηζθτδxiνδxjηδxℓζδxmθ δxpτ ,
(48)
where the first order term vanishes since ∂U∂xiν
∣∣∣
x˜
= 0
for every xiν . At low temperatures the virial theorem
insures that the second order term in the potential en-
ergy expansion is proportional to T , hence the third,
fourth and fifth order terms are of higher order in tem-
perature; thus, in the athermal limit, we can expand
the corresponding parts of the Boltzmann factor:
e−
U
T ≃ e−
U(x˜)+
1
2H
ij
νηδx
i
νδx
j
η
T
[
1− T
ijℓ
νηζδx
i
νδx
j
ηδx
ℓ
ζ
6T
− M
ijℓm
νηζθδx
i
νδx
j
ηδx
ℓ
ζδx
m
θ
24T
− Q
ijℓmp
νηζθτδx
i
νδx
j
ηδx
ℓ
ζδx
m
θ δx
p
τ
120T
+
T ijℓνηζT mpqθτρ δxiνδxjηδxℓζδxmθ δxpτ δxqρ
72T 2
+ . . .
]
.
(49)
We have omitted the other sixth order term since it does not eventually contribute to the temperature expansion
of 〈A〉. Inserting the above expansion and (47) into (46), we carry out the Gaussian integrals to obtain the low
temperature approximation of the equilibrium mean of A up to terms of O(T 3):
〈A〉 ≃ A(x˜) + T
2
[
H
−1 ·Axx −H−1 · T ·H−1 ·Ax
]
+
T 2
48
[
6H−1 ·Axxxx ·H−1 − 20H−1 · T · (H−1H−1) ·Axxx − 3H−1 · T ·H−1 ·AxH−1 ·M ·H−1
− 6(H−1H−1) ·Q ·H−1 ·Ax −12H−1 ·AxxH−1 ·M ·H−1 − 40(H−1 · T ) · (H−1 · T ·H−1)(H−1 ·Axx)
]
,
(50)
where Ax, Axx etc. denote the tensors of first, second etc. derivatives of A with respect to x. Using this
expression, we derive relations for fluctuations. Assume that also B and C are functions of coordinates x; with
the definition ∆A = A− 〈A〉, we have
〈∆A∆B〉
T
≃ 12
[
Ax ·H−1 · Bx +Bx ·H−1 ·Ax
]
+O(T ) , (51)
8and
〈∆A∆B∆C〉
T 2
≃ H−1 ·Ax · Cxx ·H−1 · Bx +H−1 ·Bx ·Axx ·H−1 · Cx
+H−1 · Cx ·Bxx ·H−1 ·Ax − (H−1 ·Ax)(H−1 · Bx)(H−1 · Cx) · T +O(T ) .
(52)
In this section we will make use of the following definitions, (see also (32)):
U0 ≡ U(ǫ = 0) , Uαβ1 ≡
∂U
∂ǫαβ
∣∣∣∣
ǫ=0
, Uαβνη2 ≡
∂2U
∂ǫνη∂ǫαβ
∣∣∣∣
ǫ=0
, Uαβνηκχ3 ≡
∂3U
∂ǫκχ∂ǫνη∂ǫαβ
∣∣∣∣
ǫ=0
,
K0 ≡ K(ǫ = 0) , Kαβ1 ≡
∂K
∂ǫαβ
∣∣∣∣
ǫ=0
, Kαβνη2 ≡
∂2K
∂ǫνη∂ǫαβ
∣∣∣∣
ǫ=0
, Kαβνηκχ3 ≡
∂3K
∂ǫκχ∂ǫνη∂ǫαβ
∣∣∣∣
ǫ=0
E0 ≡ U0 +K0 , Eαβ1 ≡ Uαβ1 +Kαβ1 , Eαβνη2 ≡ Uαβνη2 +Kαβνη2 , Eαβνηκχ3 ≡ Uαβνηκχ3 +Kαβνηκχ3 .
(53)
A. First order elastic constants – athermal limit
The first order free energy derivative with respect
to strain is given by (see Eqs. (32),(38))
∂F
∂ǫαβ
= 〈Eαβ1 〉 = 〈Uαβ1 +Kαβ1 〉 = 〈Uαβ1 〉+ 〈Kαβ1 〉.
(54)
In the athermal limit the kinetic term (B8) vanishes
and following relation (50) we are left with
lim
T→0
〈Eαβ1 〉 = lim
T→0
〈Uαβ1 〉 =
∂U
∂ǫαβ
∣∣∣∣
x˜
. (55)
From here the athermal limit of the first order elastic
constants is
lim
T→0
C˜αβ1 =
1
V
∂U
∂ǫαβ
∣∣∣∣
x˜
, (56)
in agreement with (21).
B. Second order elastic constants – athermal
limit
The second order free energy derivative with re-
spect to strain is given by (see Eqs. (32),(41))
∂2F
∂ǫνη∂ǫαβ
= 〈Eαβνη2 〉 − 1T 〈∆Eαβ1 ∆Eνη1 〉 . (57)
The first term is 〈Eαβνη2 〉 = 〈Uαβνη2 〉 + 〈Kαβνη2 〉; in
the athermal limit the kinetic term (B9) vanishes, and
following (50) we are left with
lim
T→0
〈
∂2U
∂ǫνη∂ǫαβ
〉
=
∂2U
∂ǫνη∂ǫαβ
∣∣∣∣
x˜
. (58)
The second term in (57) is
〈∆Eαβ1 ∆Eνη1 〉
T
=
〈(∆Uαβ1 +∆Kαβ1 )(∆Uνη1 +∆Kνη1 )〉
T
=
1
T
[
〈∆Uαβ1 ∆Uνη1 〉+ 〈∆Uαβ1 ∆Kνη1 〉
+ 〈∆Kαβ1 ∆Uνη1 〉+ 〈∆Kαβ1 ∆Kνη1 〉
]
.
Notice that
〈∆Uαβ1 ∆Kνη1 〉 =
1
Z
∫
e−
U+K
T ∆Uαβ1 ∆K
νη
1 dpdq
=
1
Z
∫
e−
U
T ∆Uαβ1 dq
∫
e−
K
T ∆Kνη1 dp
= 〈∆Uαβ1 〉〈∆Kνη1 〉 = 0 ,
so the second term in (57) reduces to
〈∆Eαβ1 ∆Eνη1 〉
T
=
〈∆Uαβ1 ∆Uνη1 〉+ 〈∆Kαβ1 ∆Kνη1 〉
T
.
The second term of the RHS of the above relation is
proportional to T 2, so we are left with
lim
T→0
1
T 〈∆Eαβ1 ∆Eνη1 〉 = limT→0
1
T 〈∆Uαβ1 ∆Uνη1 〉 .
Using the relation (51) and definition (14), we obtain
lim
T→0
1
T 〈∆Uαβ1 ∆Uνη1 〉 = 12
[
Ξiκαβ(H−1)ijκχΞjχνη
+ Ξiκνη(H−1)ijκχΞjχαβ
]
= − V iχαβΞiχνη .
(59)
Finally
lim
T→0
C˜αβνη2 =
1
V
[
∂2U
∂ǫνη∂ǫαβ
∣∣∣∣
x˜
+ V iχαβΞiχνη
]
. (60)
in agreement with (23).
9C. Third order elastic constants – athermal
limit
The third order free energy derivative with respect
to strain is given by (see Eqs. (32),(44))
∂3F
∂ǫκχ∂ǫνη∂ǫαβ
= 〈Eαβνηκχ3 〉+
〈∆Eαβ1 ∆Eνη1 ∆Eκχ1 〉
T 2
− 〈∆E
αβ
1 ∆E
νηκχ
2 〉
T
− 〈∆E
νη
1 ∆E
αβκχ
2 〉
T
− 〈∆E
κχ
1 ∆E
αβνη
2 〉
T
.
(61)
The first term on the RHS of (61) is 〈Eαβνηκχ3 〉 = 〈Uαβνηκχ3 〉 + 〈Kαβνηκχ3 〉; in the athermal limit the kinetic
term (B10) vanishes, and following (50) we are left with
lim
T→0
〈
∂3U
∂ǫκχ∂ǫνη∂ǫαβ
〉
=
∂3U
∂ǫκχ∂ǫνη∂ǫαβ
∣∣∣∣
x˜
. (62)
The second term in (61) is
〈∆Eαβ1 ∆Eνη1 ∆Eκχ1 〉
T 2
=
〈∆Uαβ1 ∆Uνη1 ∆Uκχ1 〉+ 〈∆Kαβ1 ∆Kνη1 ∆Kκχ1 〉
T 2
, (63)
since similarly to the second order athermal limit case, it is easy to verify that all mixed terms envolving products
of kinetic energy and potential energy derivative cancel. The triple product 〈∆Kαβ1 ∆Kνη1 ∆Kκχ1 〉 ∼ T 3, so we
are left with
lim
T→0
〈∆Eαβ1 ∆Eνη1 ∆Eκχ1 〉
T 2
= lim
T→0
〈∆Uαβ1 ∆Uνη1 ∆Uκχ1 〉
T 2
.
Using relation (52) and definition (14), this is
lim
T→0
〈∆Uαβ1 ∆Uνη1 ∆Uκχ1 〉
T 2
= V iθαβVjζνηVℓρκχT ijℓθζρ + V iθαβVjζνη
∂Ξjζκχ
∂X iθ
+ V iθνηVjζκχ
∂Ξjζαβ
∂X iθ
+ V iθκχVjζνη
∂Ξjζαβ
∂X iθ
. (64)
Finally, we use relation (51) for the remaining terms:
lim
T→0
〈∆Eαβ1 ∆Eνηκχ2 〉
T
= lim
T→0
〈∆Uαβ1 ∆Uνηκχ2 〉
T
= −V iζαβ
∂Ξiζνη
∂ǫκχ
. (65)
Combining results (62),(64),(65), we arrive at the final result
lim
T→0
C˜αβνηκχ3 =
1
V
[
∂3U
∂ǫκχ∂ǫνη∂ǫαβ
+ V iθαβVjζνηVℓρκχ
∂3U
∂X iθ∂X
j
ζ∂X
ℓ
ρ
+ V iθαβVjζνη
∂Ξjζκχ
∂X iθ
+ V iθνηVjζκχ
∂Ξjζαβ
∂X iθ
+ V iθκχVjζνη
∂Ξjζαβ
∂X iθ
+ V iζαβ
∂Ξiζνη
∂ǫκχ
+ V iζνη
∂Ξiζκχ
∂ǫαβ
+ V iζκχ
∂Ξiζαβ
∂ǫνη
]
.
(66)
in agreement with (30).
V. EXAMPLES OF APPLICATIONS
To justify and motivate the calculation of the non-
linear elastic constants we present now two examples
of important issues regarding elasto-plastic behavior
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FIG. 1: Color online: Stress-strain curves. Left panel:
starting the experiment from a freshly prepared sample
results in a symmetric trajectory for γ → −γ. Right panel:
starting the experiment from the zero-stress state with
γ = γ0 results in an asymmetric trajectory, see text for
details. Data was averaged over 500 independent stress-
strain curves at T = 0.01 where temperature is measured
in units of ε/kB , see [4] for details
in amorphous solids that cannot be discussed with-
out invoking these nonlinear constants. The first is
plasticity-induced anisotropy and the second is the
predictions of plastic failure.
A. Plasticity-induced anisotropy
A freshly produced amorphous solid is isotropic,
and as such presents a symmetric stress vs. strain
curve for positive or negative strain. This is not the
case for the same amorphous solid after it had been
already strained such that its stress exceeded its yield-
stress where plastic deformations become numerous.
This is demonstrated in Fig. 1. A typical averaged
stress-strain curve for a model amorphous solid (see
Ref. [4] for numerical details) starting from an ensem-
ble of freshly prepared homogenous states is shown in
the left panel, with a symmetric trajectory for posi-
tive or negative shear strain. Once in the steady flow
state, each system in the ensemble is brought back to
a zero-stress state, which serves as the starting point
for a second experiment in which a positive and nega-
tive strain is put on the system as shown in the right
panel of Fig. 1. Even though the initial ensemble is
prepared to have zero mean stress, the average trajec-
tory is now asymmetric. This phenomenon, sometime
referred to as the Bauschinger effect [11], shows that
the starting point γ0 for the second experiment (re-
ferred below as the Bauschinger point) retains a mem-
ory of the loading history in some form of anisotropy.
To shed light on the anisotropy of the Bauschinger
0
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FIG. 2: Color Online: Upper panel: Trajectories of stress
vs. strain for four different temperature at the same strain
rate γ = 10−4. Lower panel: the corresponding values of
B2 as a function of strain. Data was averaged over 1000 in-
dependent stress-strain curves at each temperature. Note
that B2 is negative even when the averaged stress-strain
curve has a positive curvature, see text for discussion.
point we choose to measure the sum
B2(γ
∗) ≡ lim
T→0
[
C˜xyyy2 + C˜
xyxyxy
3
]
= lim
T→0
d2σxy
dγ2
∣∣∣∣
γ=γ∗
,
(67)
which can be determined using the results Eqs. (23)
and (45). In particular we note that B2 is identically
zero in an isotropic ensemble. It gains a nonzero value
when plastic events take place and begin to build
anisotropy. In Fig. 2 we present results of numeri-
cal simulations in a typical model of an amorphous
solid (for details cf. [4]), and present the measured
value of B2 along the trajectory shown in Fig. 1. In
addition to the very low temperature trajectory in
Fig. 1 we show also measurements of B2 for simu-
lations performed at other three different tempera-
tures. For all these trajectories B2 was measured
by quenching to zero temperature configurations sam-
pled along the thermal trajectory. The magnitude of
the Bauschinger effect goes down when temperature
goes up, and this is in good agreement with the value
of B2 at the Bauschinger point which also decreases
when temperature increases. We thus see that the
values of the nonlinear elastic constants can serve as
natural measures for the degree of anisotropy that is
built up in an amorphous solid due to plastic deforma-
tions. Further discussion of this measure can be found
in [4]. Note that in [4] the value of B2 was obtained
directly from stress vs. strain curves, computing the
derivatives numerically. With the results obtained in
this paper we can compute B2 or any other elastic
constant directly from the particle interactions. This
will open up in the future a possibility to define local
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values of the elastic constants, providing maps of B2
or other nonlinear elastic constants.
B. Predicting plasticity
Imagine an amorphous solid under a given state of
strain. Can one predict how much additional strain
is needed to reach plastic failure? Recently we have
shown, cf. [3], that an accurate predictor of plastic
failure in an amorphous solid can be constructed with
the help of the higher order derivatives of the po-
tential function. Our findings not only offer a pre-
dictive tool for the onset of failure, but also point
out the importance of nonlinearities, and in particu-
lar those that couple nonlinearly “softening” regions
with strain at larger scales. It is indeed this non-linear
interaction which produces a reinforcing mechanism
leading ultimately to a catastrophic event in the form
of plastic yielding.
To fix ideas, imagine a simple shear deformation
applied to a given piece of amorphous solid (for sim-
plicity in 2D, with immediate extensions to 3D). A
small strain increment δγ corresponds to a change of
the i’th particle positions xi → x′i as:
x′i = xi + δγyi ,
y′i = yi ,
In athermal quasi-static conditions (T → 0, γ˙ →
0), the system lives in local minima, and follows
strain-induced changes of the potential energy sur-
face. Therefore, the particles do not follow homoge-
neously the macroscopic strain, and their positions
change as xi → x′i+Xi, whereXi denotes non-affine
displacements. Around some stable reference state at
γ = γ∗, the field Xi, the system energy, and internal
stress σxy are smooth functions of γ. We can thus
write:
σxy(γ)=
∞∑
n=0
Bn
n!
(γ − γ∗)n , Bn = lim
T→0
dnσxy
dγn
∣∣∣∣
γ=γ∗
.
(68)
As the strain increases, the system must eventually
lose mechanical stability; the “elastic branch” on the
stress curve ends in a discontinuity as the system fails
via a first subsequent “plastic event”. It is precisely
at this instability, say at γ = γP , that the function
σxy(γ) loses its analyticity. Accordingly we recognize
that the radius of convergence of the series (68) is
precisely |γP − γ0|, where γP can be larger or smaller
than γ∗.
Mechanical instabilities are associated with the
vanishing of an eigenvalue of the Hessian, which we
will denote as λP . Here, as opposed to the analysis
of [3, 5], we do not make any assumptions about the
functional form of λP (γ). The vanishing of λP implies
that any terms of the elastic constants that are com-
posed of the inverse of the Hessian H−1 will diverge
at λP ; hence, the strongest diverging terms are those
which are composed of the largest number of H−1’s.
Accordingly, higher order elastic constants will con-
sist of stronger divergences, as can be understood, for
example, by comparing Eq. (23) with Eq. (30). Near
γP the most diverging terms will dominate over the
rest, so we will consider in the following analysis the
most diverging terms of each order of the athermal
elastic constants.
We begin with B1 = C
xyxy
2 , which is given by
Eq. (23); following the discussion above, the most
(and only, for C2) diverging term is V iθxyΞiθxy/V (re-
call that V consists ofH−1, see Eqs. (14),(15)). Close
to γP , the diverging term will dominate, so we can
write
B1 ∼ 1
λP
. (69)
We continue with B2; the most diverging term in B2
is the most diverging term in Cxyxyxy3 ; from Eq. (30),
this is
B2 ∼ V iθxyVjζxyVℓρxyT ijℓθζρ ∼
1
λ3P
. (70)
Since B2 ≡ dB1dγ , we obtain a differential equation for
λP (γ):
1
λ3P
∼ d
dγ
(
1
λP
)
= − 1
λ2P
dλP
dγ
.
We re-write this as
dλP
dγ
∼ − 1
λP
, (71)
for which, together with the boundary condition
λP |γP = 0, the solution is
λP ∼
√
γP − γ , (72)
in agreement with [3, 5].
With this result, we are able to derive expressions
for the diverging terms of B3 and B4, as a function of
γP ; starting from B1 =
a√
γP−γ we obtain the relations
B3 ≃ 3a
4(γP − γ) 52
and B4 ≃ 15a
8(γP − γ) 72
. (73)
Solving for γP , we obtain the prediction
γP = γ +
5B3
2B4
, (74)
where the most diverging terms of B3 and B4 should
be considered. Notice that one could, in principle
derive expressions for γP involving lower order elastic
constants; see [3] for discussion.
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We finally derive expressions for the most diverging
terms of B3 and B4; starting from the most diverging
term in C3, we take another constrained derivative:
∂
∂ǫ
([VVV ] · T )
∣∣∣∣
f
= − [T ·VV ] ·H−1 · [T ·VV]
+2 symmetric terms , (75)
where here and in the following, the contractions are
only over indices and components of particle coordi-
nates, and we only consider here the most diverging
term of ∂V∂ǫ
∣∣∣
f
, see Eq. (29).
Taking another constrained derivative of (75) re-
quires an expression for
∂(H−1)ij
αβ
∂ǫνη
∣∣∣∣
f
, which can be
obtained by applying the rule (16) on H−1 ·H:
∂(H−1)ijνη
∂ǫαβ
∣∣∣∣∣
f
Hjℓηκ +(H−1)ijνη
∂Hjℓηκ
∂ǫαβ
∣∣∣∣∣
f
=
∂(H−1)ijνη
∂ǫαβ
∣∣∣∣∣
f
Hjℓηκ +(H−1)ijνη
(
∂Hjℓηκ
∂ǫαβ
+ VmταβT mjℓτηκ
)
=0.
From here
∂(H−1)ijνη
∂ǫαβ
∣∣∣∣∣
f
=−(H−1)iℓνκ
(
∂Hℓmκχ
∂ǫαβ
+VnταβT nℓmτκχ
)
(H−1)mjχη .
(76)
With this relation and (29), we carry out another con-
strained derivative of (75), keeping only the most di-
verging terms
− ∂
∂ǫ
(
[T · VV] ·H−1 · [T ·VV])∣∣∣∣
f
= T · [(H−1 · [T · VV])V (H−1 · [T · VV])]+ 14 symmetric terms .
This leads us to the final expression for the instability strain γP :
γP = γ0 − 1
2
[T · VxyVxy] ·H−1 · [T · VxyVxy]
T · [(H−1 · [T ·VxyVxy])Vxy (H−1 · [T ·VxyVxy])] . (77)
Notice that the above expression for γP can be cal-
culated numerically by solving two linear equations;
first, for V using (14). With the solution for V in
hand, one can then solve equation (28) for ∂V∂ǫ
∣∣∣
f
≃
H−1 · (T ·VV). How these predictions work in prac-
tice can be read in [3].
VI. SUMMARY AND CONCLUSIONS
In this paper we derived closed-form expressions for
the nonlinear elastic constants of amorphous solids up
to third order. We presented both the thermal and
the athermal theory, and demonstrated that the lat-
ter is obtained as a limit of the former when T → 0.
The expressions derived above should be useful in nu-
merical simulations where knowledge of these nonlin-
ear constants is indispensable due to the high val-
ues of the stresses obtained near mechanical instabil-
ities. In particular these expressions will allow exten-
sion of the evaluation of these objects to local coarse-
grained fields. Such an extension will be presented
in a forthcoming article. We demonstrated the use
of these nonlinear objects in the context of under-
standing the plasticity-induced anisotropy that arises
in amorphous solids after a straining trajectory and
in predicting the plastic failure of amorphous solids
to increasing strain.
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Appendix A: Constrained Derivatives
To provide an intuitive demonstration of the mean-
ing of constrained derivatives, consider two functions
of two independent variables h(x, y) and g(x, y). We
want to understand, for instance, how one should take
the partial derivative of h with respect to x, keeping g
constant. The constancy required from g(x, y) means
that y now depends on x, so that variations of xmust
result in variations in y, namely
dy =
∂y
∂x
∣∣∣∣
g
dx . (A1)
We write the total variation of h as
dh =
∂h
∂x
∣∣∣∣
y
dx+
∂h
∂y
∣∣∣∣
x
dy . (A2)
We now impose the dependence of the variation in y
on the variation in x:
dh =
∂h
∂x
∣∣∣∣
y
dx+
∂h
∂y
∣∣∣∣
x
∂y
∂x
∣∣∣∣
g
dx . (A3)
From here
∂h
∂x
∣∣∣∣
g
=
∂h
∂x
∣∣∣∣
y
+
∂h
∂y
∣∣∣∣
x
∂y
∂x
∣∣∣∣
g
. (A4)
It is important to notice that in this framework, con-
strained partial derivatives do not necessarily com-
mute; to exemplify this issue, consider the constraint
g(x, y) = x2 + y2 = 1 in the range of positive x and
y. The partial derivative of y with respect to x at
constant g is
∂y
∂x
∣∣∣∣
g
= − x√
1− x2 . (A5)
We first consider
∂2y
∂x2
∣∣∣∣
g,y
=− ∂
∂x
∣∣∣∣
y
(
x√
1− x2
)
= − ∂
∂x
∣∣∣∣
y
(
x
y
)
= −1
y
.
(A6)
Next, it is immediate that
∂2y
∂x2
∣∣∣∣
y,g
=
∂
∂x
∣∣∣∣
g
∂y
∂x
∣∣∣∣
y
= 0 , (A7)
since obviously any variation of y keeping y constant
is zero. So, generally
∂2y
∂x2
∣∣∣∣
y,g
6= ∂
2y
∂x2
∣∣∣∣
g,y
. (A8)
Appendix B: Kinetic energy derivatives
We finally derive expressions for kinetic energy
derivatives that appear in (32). Given a transfor-
mation of coordinates H , the transformation of mo-
menta is dictated by requiring that the transforma-
tion is canonical, namely that
∂x′α
∂xν
∂p′β
∂pν
− ∂x
′
α
∂pν
∂p′β
∂xν
= δαβ , (B1)
where prime denotes transformed coordinates and
momenta, and in this chapter repeated indices are
summed over. Assume that p′β = Aβκpκ, such that
∂p′β
∂pν
= Aβκδκν . Inserting this in equation (B1):
HαµδνµAβκδκν = HανAβν = HανA
T
νβ = δαβ . (B2)
This means that HAT = I, or A = (H−1)T , such
that the transformation of the momenta is
p′α = (H
−1)Tαβpβ . (B3)
The kinetic energy after imposing a small strain is
K = 12p
′i
αp
′i
α =
1
2 (H
−1)Tανp
i
ν(H
−1)Tαβp
i
β
= 12H
−1
να (H
−1)Tαβp
i
νp
i
β .
(B4)
From (2) we have HTH = 2ǫ+ I, hence
H−1(H−1)T = (HTH)−1 = (2ǫ+ I)−1 . (B5)
Expanding this up to ǫ3:
(2ǫ+ I)−1 ≃ I − 2ǫ+ 4ǫ2 − 8ǫ3 +O(ǫ4) . (B6)
Inserting this back to (B4):
K ≃ 12δαβpiαpiβ − ǫαβpiαpiβ + 2ǫανǫνβpiαpiβ
− 4ǫανǫνηǫηβpiαpiβ +O(ǫ4) .
(B7)
We can now calculate
∂K
∂ǫαβ
=− piαpiβ + 2piαpiνǫνβ + 2piβpiνǫνα
− 4ǫβνǫνηpiηpiα − 4ǫανǫβηpiνpiη − 4ǫνηǫηαpiνpiβ .
(B8)
The second (symmetrized) derivative is
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∂2K
∂ǫνη∂ǫαβ
= δβηp
i
αp
i
ν + δαηp
i
βp
i
ν + δβνp
i
αp
i
η + δανp
i
βp
i
η
− 2δβνǫηθpiθpiα − 2ǫβνpiηpiα − 2δβηǫνθpiθpiα − 2ǫβηpiνpiα
− 2δανǫβθpiηpiθ − 2δβνǫαθpiθpiη − 2δαηǫβθpiνpiθ − 2δβηǫαθpiθpiν
− 2ǫηαpiνpiβ − 2δαηǫθνpiθpiβ − 2ǫναpiηpiβ − 2δανǫθηpiθpiβ ,
(B9)
and the third (symmetrized) derivative is
∂3K
∂ǫκχ∂ǫνη∂ǫαβ
=− δβνδκηpiχpiα − δκβδχνpiηpiα − δβηδκνpiχpiα − δκβδχηpiνpiα
− δβνδχηpiκpiα − δχβδκνpiηpiα − δβηδχνpiκpiα − δχβδκηpiνpiα
− δανδκβpiηpiχ − δβνδκαpiχpiη − δαηδκβpiνpiχ − δβηδκαpiχpiν
− δανδχβpiηpiκ − δβνδχαpiκpiη − δαηδχβpiνpiκ − δβηδχαpiκpiν
− δκηδχαpiνpiβ − δαηδχνpiκpiβ − δκνδχαpiηpiβ − δανδχηpiκpiβ
− δχηδκαpiνpiβ − δαηδκνpiχpiβ − δχνδκαpiηpiβ − δανδκηpiχpiβ .
(B10)
Appendix C: potential energy derivatives for
pairwise potentials
In this appendix we calculate all partial derivatives
of the potential energy with respect to strain and par-
ticle positions, of all required orders. In the following
section, partial derivatives with respect to coordinates
x should be understood as taken at constant ǫ, and
partial derivatives with respect to strain ǫ should be
understood as taken at constant non-affine fields X
(no relaxation allowed for).
We first carry out partial derivatives of the poten-
tial energy with respect to particle coordinates. The
potential energy is given by
U = 12
∑
i6=j
φij , (C1)
where φij is the pairwise interaction potential be-
tween the i’th and j’th particles. The negative of
the forces are given by
− f ℓα =
∂U
∂xℓα
= 12
∑
i6=j
∂φij
∂xℓα
= 12
∑
i6=j
∂φij
∂rij
∂rij
∂xℓα
. (C2)
Since rij =
√
(xjβ − xiβ)(xjβ − xiβ) then ∂r
ij
∂xℓα
=
rijα
rij (δ
jℓ − δiℓ). With the notations φr, φrr and φrrr
for the first, second and third derivatives of φ(r) with
respect to r, respectively, we now have
∂U
∂xℓα
= 12
∑
i6=j
φijr
rijα
rij
(δjℓ − δiℓ) = 12
∑
i6=ℓ
φiℓr
riℓα
riℓ
− 12
∑
ℓ 6=j
φℓjr
rℓjα
rℓj
= 12
∑
i6=ℓ
φiℓr
riℓα
riℓ
+ 12
∑
j 6=ℓ
φjℓr
rjℓα
rjℓ
=
∑
i6=ℓ
φiℓr r
iℓ
α
riℓ
. (C3)
The Hessian is defined as
Hijαβ =
∂2U
∂xjβ∂x
i
α
=
1
2
∂
∂xjβ
∑
k,ℓ
∂φkℓ
∂rkℓ
∂rkℓ
∂xiα
=
1
2
∂
∂xjβ
∑
k,ℓ
φkℓr
rkℓ
rkℓα
(
δiℓ − δik) = ∂
∂xjβ
∑
k 6=i
φkir
rki
rkiα
=
∑
k 6=i
(
φikrr
(rik)2
− φ
ik
r
(rik)3
)
rikα r
ik
β (δ
ij − δkj) + δαβ
∑
k 6=i
φkir
rki
(δij − δkj) . (C4)
The off diagonal term i 6= j of the Hessian is given by
Hijαβ = −
(
φijrr
(rij)2
− φ
ij
r
(rij)3
)
rijα r
ij
β − δαβ
φijr
rij
, (C5)
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and the Hiiαβ is given by
Hiiαβ = −
∑
j 6=i
Hijαβ . (C6)
We now calculate ∂
3U
∂xℓχ∂x
j
β
∂xiα
; assuming first i 6= j, we take a derivative of Eq. (C5)
∂Hijαβ
∂xℓχ
= −(δjℓ − δiℓ)
[(
φijrrr
(rij)3
− 3φ
ij
rr
(rij)4
+
3φijr
(rij)5
)
rijα r
ij
β r
ij
χ +
(
φijrr
(rij)2
− φ
ij
r
(rij)3
)(
δαχr
ij
β +δβχr
ij
α +δαβr
ij
χ
)]
. (C7)
If i 6= j 6= ℓ then ∂3U
∂xℓχ∂x
j
β
∂xiα
= 0, so in the above expression ℓ must be equal to either i or j (but not to the
both). Due to the symmetry ∂
3U
∂xiχ∂x
j
β
∂xiα
= ∂
3U
∂xiχ∂x
i
α∂x
j
β
= ∂
3U
∂xj
β
∂xiχ∂x
i
α
, we can limit the discussion to two cases;
first, if two of the particle indices are equal, and different from the third, then
∂3U
∂xiχ∂x
j
β∂x
i
α
=
[(
φijrrr
(rij)3
− 3φ
ij
rr
(rij)4
+
3φijr
(rij)5
)
rijα r
ij
β r
ij
χ +
(
φijrr
(rij)2
− φ
ij
r
(rij)3
)(
δαχr
ij
β +δβχr
ij
α +δαβr
ij
χ
)]
, (C8)
where we assumed i 6= j. The diagonal term is then
∂3U
∂xiχ∂x
i
β∂x
i
α
= −
∑
j 6=i
∂3U
∂xiχ∂x
j
β∂x
i
α
. (C9)
We now turn to derivatives with respect to strain ǫ; consider first the change in distance δrij between
particles i and j, before and after imposing a deformation. For a given imposed deformation represented by
H , each component of the pairwise distance transforms via rijα → Hαβrijα , so the distance between the pair
(i, j) after the deformation is
√
HTανHνβr
ij
α r
ij
β . Since by definition H
TH = 2ǫ+ I, the change in the pairwise
distance is
δrij =
√
HTανHνβr
ij
α r
ij
β − rij =
√
(2ǫαβ + δαβ)r
ij
α r
ij
β − rij = rij
√
1 +
2ǫαβr
ij
α r
ij
β
rijν r
ij
ν
− rij
≃ rij
(
1 +
ǫαβr
ij
α r
ij
β
(rij)2
− 1
2
ǫαβr
ij
α r
ij
β ǫνηr
ij
ν r
ij
η
(rij)4
+
1
2
ǫαβr
ij
α r
ij
β ǫνηr
ij
ν r
ij
η ǫκχr
ij
κ r
ij
χ
(rij)6
)
− rij
=
ǫαβr
ij
α r
ij
β
rij
− 1
2
ǫαβr
ij
α r
ij
β ǫνηr
ij
ν r
ij
η
(rij)3
+
1
2
ǫαβr
ij
α r
ij
β ǫνηr
ij
ν r
ij
η ǫκχr
ij
κ r
ij
χ
(rij)5
.
(C10)
We write the potential energy as a sum of pairwise contributions U =
∑
i<j φ
ij , and expand the pairwise
potential φij in terms of δrij :
φij = φij0 + φ
ij
r δr
ij + 12φ
ij
rrδr
ijδrij + 16φ
ij
rrrδr
ijδrijδrij + . . . , (C11)
Plugging (C10) in the above expansion gives φij in terms of ǫ, keeping terms up to ǫ3:
φij =φij0 + ǫαβ
φijr r
ij
α r
ij
β
rij
+ 12 ǫαβǫνηr
ij
α r
ij
β r
ij
ν r
ij
η
(
φijrr
(rij)2
− φ
ij
r
(rij)3
)
+ 16ǫαβǫνηǫκχr
ij
α r
ij
β r
ij
ν r
ij
η r
ij
κ r
ij
χ
(
3φijr
(rij)5
− 3φ
ij
rr
(rij)4
+
φijrrr
(rij)3
)
.
(C12)
From here the derivatives of φ with respect to strain can be calculated as
∂φij
∂ǫαβ
=
φijr r
ij
α r
ij
β
rij
+ ǫνηr
ij
α r
ij
β r
ij
ν r
ij
η
(
φijrr
(rij)2
− φ
ij
r
(rij)3
)
+ 12ǫνηǫκχr
ij
α r
ij
β r
ij
ν r
ij
η r
ij
κ r
ij
χ
(
3φijr
(rij)5
− 3φ
ij
rr
(rij)4
+
φijrrr
(rij)3
)
,
(C13)
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∂2φij
∂ǫνη∂ǫαβ
= rijα r
ij
β r
ij
ν r
ij
η
(
φijrr
(rij)2
− φ
ij
r
(rij)3
)
+ ǫκχr
ij
α r
ij
β r
ij
ν r
ij
η r
ij
κ r
ij
χ
(
3φijr
(rij)5
− 3φ
ij
rr
(rij)4
+
φijrrr
(rij)3
)
, (C14)
and
∂3φij
∂ǫκχ∂ǫνη∂ǫαβ
= rijα r
ij
β r
ij
ν r
ij
η r
ij
κ r
ij
χ
(
3φijr
(rij)5
− 3φ
ij
rr
(rij)4
+
φijrrr
(rij)3
)
(C15)
The derivatives with respect to strain of the total potential energy at ǫ = 0 are given by:
∂U
∂ǫαβ
∣∣∣∣
ǫ=0
=
∑
i<j
φijr r
ij
α r
ij
β
rij
,
∂2U
∂ǫνη∂ǫαβ
∣∣∣∣
ǫ=0
=
∑
i<j
rijα r
ij
β r
ij
ν r
ij
η
(
φijrr
(rij)2
− φ
ij
r
(rij)3
)
, (C16)
and
∂3U
∂ǫκχ∂ǫνη∂ǫαβ
∣∣∣∣
ǫ=0
=
∑
i<j
rijα r
ij
β r
ij
ν r
ij
η r
ij
κ r
ij
χ
(
3φijr
(rij)5
− 3φ
ij
rr
(rij)4
+
φijrrr
(rij)3
)
(C17)
Turning now to the mixed derivatives, we first consider ∂
2φij
∂xkν∂ǫαβ
; following (C13), we obtain
∂2φij
∂xkν∂ǫαβ
∣∣∣∣
ǫ=0
= (δjk − δik)
[(
φijrr
(rij)2
− φ
ij
r
(rij)3
)
rijν r
ij
α r
ij
β +
φijr
rij
(δναr
ij
β + δνβr
ij
α )
]
. (C18)
Next we calculate the mixed derivative ∂
3φij
∂xkν∂ǫνη∂ǫαβ
; following (C14), we obtian
∂3φij
∂xkχ∂ǫνη∂ǫαβ
∣∣∣∣
ǫ=0
= (δjk − δik)
[(
φijrrr
(rij)3
− 3φ
ij
rr
(rij)4
+
3φijr
(rij)5
)
rijχ r
ij
α r
ij
β r
ij
ν r
ij
η
+
(
δαχr
ij
β r
ij
ν r
ij
η + δβχr
ij
α r
ij
ν r
ij
η + δνχr
ij
α r
ij
β r
ij
η + δηχr
ij
α r
ij
β r
ij
ν
)( φijrr
(rij)2
− φ
ij
r
(rij)3
)] (C19)
The last mixed derivative is ∂
3φij
∂xℓχ∂x
k
ν∂ǫαβ
; following Eq. (C18), we obtain
∂3φij
∂xℓχ∂x
k
ν∂ǫαβ
∣∣∣∣
ǫ=0
=(δjk − δik)(δjℓ − δiℓ)
{(
φijrrr
(rij)3
− 3φ
ij
rr
(rij)4
+
3φijr
(rij)5
)
rijα r
ij
β r
ij
ν r
ij
χ
+
(
φijrr
(rij)2
− φ
ij
r
(rij)3
)(
δαχr
ij
β r
ij
ν + δβχr
ij
α r
ij
ν + δνχr
ij
α r
ij
β + δναr
ij
β r
ij
χ + δνβr
ij
α r
ij
χ
)
+
φijr
rij
(δναδβχ + δνβδαχ)
}
.
(C20)
For any quantity Aij such that Aij = −Aji, we have∑
i<j
(δjk − δik)Aij = 12
∑
i
∑
j 6=i
(δjk − δik)Aij = 12
∑
i6=k
Aik − 12
∑
j 6=k
Akj =
∑
i6=k
Aik .
Since in equations (C18), (C19) and (C20) the terms that correspond to Aij in the above equation are anti-
symmetric in {i, j}, so we can directly write the results for the mixed energy derivatives:
∂2U
∂xkν∂ǫαβ
∣∣∣∣
ǫ=0
=
∑
i6=k
[(
φikrr
(rik)2
− φ
ik
r
(rik)3
)
rikν r
ik
α r
ik
β +
φikr
rik
(δναr
ik
β + δνβr
ik
α )
]
, (C21)
∂3U
∂xkχ∂ǫνη∂ǫαβ
∣∣∣∣
ǫ=0
=
∑
i6=k
[(
φikrrr
(rik)3
− 3φ
ik
rr
(rik)4
+
3φikr
(rik)5
)
rikχ r
ik
α r
ik
β r
ik
ν r
ik
η
+
(
δαχr
ij
β r
ij
ν r
ij
η + δβχr
ij
α r
ij
ν r
ij
η + δνχr
ij
α r
ij
β r
ij
η + δηχr
ij
α r
ij
β r
ij
ν
)( φikrr
(rik)2
− φ
ik
r
(rik)3
)]
,
(C22)
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and
∂3U
∂xℓχ∂x
k
ν∂ǫαβ
∣∣∣∣
ǫ=0
=
∑
i6=k
(δkℓ − δiℓ)
{(
φikrrr
(rik)3
− 3φ
ik
rr
(rik)4
+
3φikr
(rik)5
)
rikα r
ik
β r
ik
ν r
ik
χ
+
(
φikrr
(rik)2
− φ
ik
r
(rik)3
)(
δαχr
ik
β r
ik
ν +δβχr
ik
α r
ik
ν +δνχr
ik
α r
ik
β +δναr
ik
β r
ik
χ +δνβr
ik
α r
ik
χ
)
+
φikr
rik
(δναδβχ + δνβδαχ)
}
.
(C23)
In the case for which ℓ 6= k, this is
∂3U
∂xℓχ∂x
k
ν∂ǫαβ
∣∣∣∣
ǫ=0
=−
{(
φℓkrrr
(rℓk)3
− 3φ
ℓk
rr
(rℓk)4
+
3φℓkr
(rℓk)5
)
rℓkα r
ℓk
β r
ℓk
ν r
ℓk
χ
+
(
φℓkrr
(rℓk)2
− φ
ℓk
r
(rℓk)3
)(
δαχr
ℓk
β r
ℓk
ν +δβχr
ℓk
α r
ℓk
ν +δνχr
ℓk
α r
ℓk
β +δναr
ℓk
β r
ℓk
χ +δνβr
ℓk
α r
ℓk
χ
)
+
φℓkr
rℓk
(δναδβχ + δνβδαχ)
}
,
(C24)
and the diagonal part is just
∂3U
∂xℓχ∂x
ℓ
ν∂ǫαβ
∣∣∣∣
ǫ=0
= −
∑
k
∂3U
∂xℓχ∂x
k
ν∂ǫαβ
. (C25)
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